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Outline
• Confluence of λ-calculus was hard	


• Church & Rosser’s seminal paper in 1936	


• Confluence of λ-calculus is no longer hard	


• Tait & Martin-Löf, Shanker, Pfenning, McKinna & Pollack,  
and Takahashi, …	


• Dehornoy and van Oostrom’s Z theorem	


• Confluence of λ-calculi with permutations is still hard	


• Compositional Z makes it easy



This talk

• Brief history of confluence of λ-calculus	


• Brief summary of Z theorem	


• Compositional Z, a new proof technique,	


• simpler proof of λ with permutation rules



History of Confluence of λ



• Terms	


!

• Reduction rules

λβ

M, N ::= x | �x.M | MN

(�x.M)N �� M[x := N]



Confluence of λβ is hard
• β is not SN (Newman’s lemma cannot be applied)	


• (one-step) β does not satisfy diamond property
(�x.xxx)((�y.y)z)

��

�� ((�y.y)z)((�y.y)z)((�y.y)z)

��
z((�y.y)z)((�y.y)z)

��
zz((�y.y)z)

��
(�x.xxx)z �� zzz



History of Confluence of λβ
• Church and Rosser (1936) “Some Properties of Conversion”	


• residuals of redexes	


• Tait and Martin-Löf (19??)	


• parallel reduction	


• Takahashi (1995) “Parallel Reduction in λ-Calculus”	


• maximum parallel reduction	


• Dehornoy and van Oostrom (2008)	


• Z theorem
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2XU� SXUSRVH� LV� WR� HVWDEOLVK� WKH� SURSHUWLHV� RI� FRQYHUVLRQ� ZKLFK� DUH� H[�
SUHVVHG� LQ� 7KHRUHPV� ��DQG� ��EHORZ�� :H� VKDOO� FRQVLGHU� ILUVW� FRQYHUVLRQ� GHILQHG
E\� &KXUFK
V� 5XOHV� ,�� ,,�� 8OI� DQG� VKDOO� WKHQ� H[WHQG� RXU� UHVXOWV� WR� VHYHUDO� RWKHU
NLQGV� RI�FRQYHUVLRQ�_

��� &RQYHUVLRQ� GHILQHG� E\� &KXUFK
V� 5XOHV� ,�� ,,�� ,,,�� ,Q� RXU� VWXG\� RI� FRQ�
YHUVLRQ� ZH� DUH� SDUWLFXODUO\� LQWHUHVWHG� LQ� WKH� HIIHFWV� RI� 5XOHV� ,,� DQG� ,,,� DQG
FRQVLGHU� WKDW� DSSOLFDWLRQV� RI� 5XOH� ,�� WKRXJK� RIWHQ� QHFHVVDU\� WR� SUHYHQW� FRQ�
IXVLRQ� RI� IUHH� DQG� ERXQG� YDULDEOHV�� GR� QRW� HVVHQWLDOO\� FKDQJH� WKH� VWUXFWXUH� RI
D�IRUPXOD�� +HQFH� ZH� VKDOO� RPLW� PHQWLRQ� RI� DSSOLFDWLRQV� RI�5XOH� ,�ZKHQHYHU� LW
VHHPV� WKDW� QR� HVVHQWLDO� DPELJXLW\� ZLOO� UHVXOW�� 7KXV� ZKHQ� ZH� VSHDN� RI� UHSODF�
LQJ� ^?[�0@� �L9��� E\� 6A0_� LW� VKDOO� EH� XQGHUVWRRG� WKDW� DQ\� DSSOLFDWLRQV� RI� ,
DUH� PDGH� ZKLFK� DUH� QHHGHG� WR� PDNH� WKLV� VXEVWLWXWLRQ� DQ� DSSOLFDWLRQ� RI� ,,�
$OVR� ZH�PD\� ZULWH� ERXQG� YDULDEOHV� DV� XQFKDQJHG� WKURXJKRXW� GLVFXVVLRQV� HYHQ
WKRXJK� WDFLW� DSSOLFDWLRQV� RI� ,� LQ� WKH� GLVFXVVLRQ� PD\� KDYH� FKDQJHG� WKHP�

$� FRQYHUVLRQ� LQ� ZKLFK� ,,,� LV� QRW� XVHG� DQG� ,,� LV� XVHG� H[DFWO\� RQFH� ZLOO� EH
FDOOHG� D�UHGXFWLRQ�� ,I� ,,� LV�QRW� XVHG� DQG� +,� LV�XVHG� H[DFWO\� RQFH�� WKH� FRQYHUVLRQ
ZLOO� EH� FDOOHG� DQ� H[SDQVLRQ�� �$� LPU� %��� UHDG� �$� LV� LPPHGLDWHO\� UHGXFLEOH� WR
%��� VKDOO� PHDQ� WKDW� LW� LV� SRVVLEOH� WR� JR� IURP� $� WR� %� E\� D� VLQJOH� UHGXFWLRQ�
��$�UHG� %��� UHDG� �$� LV� UHGXFLEOH� WR� %��� VKDOO� PHDQ� WKDW� LW� LV� SRVVLEOH� WR� JR
IURP� $� WR� %� E\� RQH� RU� PRUH� UHGXFWLRQV�__� �$� FRQY�,� %��� UHDG� �$� FRQY� %� E\
DSSOLFDWLRQV� RI� ,�RQO\��� VKDOO� PHDQ� MXVW� WKDW� �LQFOXGLQJ� WKH� FDVH� RI� D�]HUR� QXP�
EHU� RI� DSSOLFDWLRQV��� �$� FRQY�,�+� %��� UHDG� �$� FRQY� %� E\� DSSOLFDWLRQV� RI� ,

�3UHVHQWHG� WR� WKH� 6RFLHW\�� $SULO� ���� ������UHFHLYHG� E\� WKH� HGLWRUV� -XQH� ��� �����
W� %\� &KXUFK
V� UXOHV� ZH� VKDOO� PHDQ� WKH� UXOHV� RI�SURFHGXUH� JLYHQ� LQ� $�� &KXUFK�� $� VHW�RI�SRVWXODWHV

IRU� WKH�IRXQGDWLRQ�RI�ORJLF��$QQDOV�RI�0DWKHPDWLFV�� �����YRO�������������SS�� ���������VHH�SS�� ���������
DV�PRGLILHG� E\� 6��&��.OHHQH�� 3URRI� E\�FDVHV� LQ�IRUPDO� ORJLF��$QQDOV� RI�0DWKHPDWLFV�� ����� YRO�� ��� �������
SS�� �������� �VHH�S�� ������ :H� DVVXPH� IDPLOLDULW\� ZLWK� WKH� PDWHULDO� RQ� SS�� �������� RI� &KXUFK
V� SDSHU
DQG� LQ� ����������� ��RI�.OHHQH
V� SDSHU�� :H� VKDOO� UHIHU� WR� WKH� ODWWHU� SDSHU� DV� �.OHHQH��

W� 7KH� DXWKRUV� DUH� LQGHEWHG� WR� 'U�� 6�� &�� .OHHQH� IRU� DVVLVWDQFH� LQ� WKH� SUHSDUDWLRQ� RI� WKLV� SDSHU�
LQ� SDUWLFXODU� IRU� WKH� GHWHFWLRQ� RI�DQ� HUURU� LQ� WKH� ILUVW� GUDIW� RI� LW� DQG� IRU� WKH� VXJJHVWLRQ� RI�DQ� LPSURYH�
PHQW� LQ� WKH� SURRI� RI�7KHRUHP� ��

��1RWH� FDUHIXOO\� WKH� FRQYHQWLRQ� DW� WKH� EHJLQQLQJ� RI� ���� .OHHQH�� ZKLFK� ZH� VKDOO� FRQVWDQWO\� XVH�
__� 2XU� XVH� RI� �FRQY�� DOORZV� XV� WR� ZULWH� �$� FRQY� %�� HYHQ� LQ� WKH� FDVH� WKDW� QR� DSSOLFDWLRQV� RI� ,�

,,�� RU� ,,,� DUH� PDGH� LQ� JRLQJ� IURP� $� WR� %� DQG� $� LV� WKH� VDPH� DV� %�� %XW� ZH� ZULWH� �$� UHG� %�� RQO\� LI
WKHUH� LV� DW� OHDVW� RQH� UHGXFWLRQ� LQ� WKH� SURFHVV� RI� JRLQJ� IURP� $� WR� %� E\� DSSOLFDWLRQV� RI� ,� DQG� ,,�� DQG
XVH� WKH� QRWDWLRQ� �$�FRQY�,�,,� %

� LI�ZH�ZLVK� WR� DOORZ� WKH� SRVVLELOLW\� RI�QR� UHGXFWLRQV�

���
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�VHH� SUHFHGLQJ� SDUDJUDSK��� %XW� LI� ZH� VWDUW� ZLWK� DQ\� SDUWLFXODU� $N� WKLV� FDQ
RQO\� EH� WKH� FDVH� D� ILQLWH� QXPEHU� RI� VXFFHVVLYH� WLPHV�� E\� /HPPD� ���+HQFH� ZH
GHILQH� �SP�DV� IROORZV�� 3HUIRUP� P� VXFFHVVLYH� UHGXFWLRQV� RQ� $� LQ� DOO� SRVVLEOH
ZD\V�� 7KLV� JLYHV� D� ILQLWH� VHW� RI� IRUPXODV� �H[FHSW� IRU� DSSOLFDWLRQV� RI� ,��� ,Q
HDFK� IRUPXOD� ILQG� WKH� ODUJHVW� QXPEHU� RI� UHGXFWLRQV� WKDW� FDQ� RFFXU� LQ� D� WHUPL�
QDWLQJ� VHTXHQFH� RI� FRQWUDFWLRQV� RQ� WKH� UHVLGXDOV� RI� ^;[�0@� L1��� 7KHQ� OHW� �SP
EH� WKH� ODUJHVW� RI� WKHVH�

7KHRUHP� ��� ,I� $� FRQY� %�� WKHUH� LV� D� FRQYHUVLRQ� IURP� $� WR� %� LQ� ZKLFK� QR
H[SDQVLRQ� SUHFHGHV� DQ\� UHGXFWLRQ�

7KDW� LV�� DQ\� FRQYHUVLRQ� FDQ� EH� UHSODFHG� E\� D� FRQYHUVLRQ� ZKLFK� LV�D�YDOOH\�
7KLV� IROORZV� IURP� /HPPD� ��E\� WKH� SURFHVV� DOUHDG\� LQGLFDWHG�

&RUROODU\� ���,I� %�LV� D�QRUPDO�IRUP� RI�$��WKHQ�$�FRQY�,�,,� %�

)RU� QR� UHGXFWLRQV� DUH� SRVVLEOH� RQ� D� QRUPDO� IRUP�

&RUROODU\� ��� ,I� $�KDV� D� QRUPDO� IRUP�� LWV� QRUPDO� IRUP� LV� XQLTXH� �WR�ZLWKLQ
DSSOLFDWLRQV� RI�5XOH� ,��

)RU� LI� %�DQG� %
� DUH� ERWK� QRUPDO� IRUPV� RI� $�� WKHQ� %
� LV�D�QRUPDO� IRUP� RI� %�
+HQFH� %� FRQY�,�,,� %
�� +HQFH� %� FRQY�,� %
�� VLQFH� QR� UHGXFWLRQV� DUH� SRVVLEOH
RQ� WKH� QRUPDO� IRUP� %�

1RWH� WKDW� RQO\� SDUWV� ,� DQG� ,,� RI� /HPPD� ��DUH� QHHGHG� IRU� 7KHRUHP� ��DQG
LWV� FRUROODULHV�

7KHRUHP� ��� ,I� %� LV� D� QRUPDO� IRUP� RI� $�� WKHQ� WKHUH� LV� D� QXPEHU� P� VXFK
WKDW� DQ\� VHTXHQFH� RI�UHGXFWLRQV� VWDUOLQJ� IURP� $�ZLOO� OHDG� WR�%� �WR�ZLWKLQ� DSSOLFD�
WLRQV� RI�5XOH� ,�� DIWHU� DW� PRVW� P� UHGXFWLRQV�

:H� SURYH� E\� LQGXFWLRQ� RQ� Q� WKDW�� LI�D� IRUPXOD� %� LV� D� QRUPDO� IRUP� RI� VRPH
IRUPXOD� $�� DQG� WKHUH� LV� D� VHTXHQFH� RI� Q� UHGXFWLRQV� OHDGLQJ� IURP� $� WR� %�� WKHQ
WKHUH� LV� D� QXPEHU� LS$�Q�GHSHQGLQJ� RQ� WKH� IRUPXOD� $� DQG� WKH� QXPEHU� Q� VXFK
WKDW� DQ\� VHTXHQFH� RI�UHGXFWLRQV� VWDUWLQJ� IURP� $�ZLOO� OHDG� WR�D�QRUPDO� IRUP� RI�$
�ZKLFK� ZLOO� EH� %� WR� ZLWKLQ� DSSOLFDWLRQV� RI� ,� E\� 7KHRUHP� ��� &RUROODU\� ��� LQ
DW� PRVW� ?S$�Q�UHGXFWLRQV�

,I� Q� ����ZH�WDNH� LS$�R�WR� EH���
$VVXPH� RXU� VWDWHPHQW� IRU� Q� �N�� /HW� $� LPU� &�� &� LPU� *�� *� LPU� &���Ŷ�Ŷ�Ŷ��

&N�L� LPU� %��/HW� $�EH� WKH� VDPH� DV� $L��$L�LPU� $���$��LPU� $���Ŷ�Ŷ�Ŷ���%\� /HPPD� �
WKHUH� LV�D�VHTXHQFH� �'L� WKH� VDPH� DV�&�� '[�FRQY�,�,,� '���'��FRQY�,�,,� '���Ŷ�ŶŶ�
VXFK� WKDW� $�� FRQY�,�,,� '�� IRU� DOO\
V� IRU� ZKLFK� $�� H[LVWV�� DQG� DOVR�� LI� WKH� UH�
GXFWLRQ� IURP� $�WR� '[��RU�&�� LV�D� FRQWUDFWLRQ� RQ� ^;[�0`� L1��� VXFK� WKDW�� VWDUW�
LQJ� ZLWK� 'P��DW� PRVW� ��!P�FRQVHFXWLYH� '�V� RFFXU� IRU� ZKLFK� LW� LV� QRW� WUXH� WKDW

�.OHHQH� ����S�� ����
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Church and Rosser (1936)
residuals of redexes

(�x.xx)(�z.(�y.y)z)

��

� �� (�x.xx)(�z.z)

����
(�z.(�y.y)z)(�z.(�y.y)z)

��

� �� �� (�z.z)(�z.z)

����
(�y.y)(�z.(�y.y)z)

� �� �� �z.z

underlined redexes are	

residuals of Δ

Joinable	

by contracting residuals

redex Δ



parallel reduction
Tait and Martin-Löf

x � x

M � M�

�x.M � �x.M�

M � M� N � N�

MN � M�N�

M � M� N � N�

(�x.M)N � M�[x := N�]

�� � � � ��
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diamond property



Takahashi (1995)
maximum parallel reduction

follows from

M
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M1
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M2

�� ��
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�

��
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�M3

diamond property

x� = x

(�x.M)� = �x.M�

((�x.M)N)� = M�[x := N�]

(MN)� = M�N� (M is not abst.)

angle property

M

��
��

��
��

�

��
��

��
�

N

�� ��
��
��
�

��
��
��
�

M�



Dehornoy and van Oostrom (2008)
Z theorem

M �� N

����
M� �� �� N�

If we find a mapping (·)* s.t.

then the reduction system is confluent



Dehornoy and van Oostrom (2008)
Z theorem

M �� N

����
M� �� �� N�

M1

��

�� M2

����

�� M3

����

�� M4

����

�� · · ·

N �� �� M�
1

�� �� M�
2

�� �� M�
3

�� �� · · ·



A Brief Summary of Z



How nice is Z?
• Z can be proved by induction on one-step reduction	


• Z does not require parallel reductions	


• Z is easy to apply to reduction systems on quotient sets	


• Z property modulo [Accattoli&Kesner 2012]  
Confluence of λ divided by an equality of associativity	


• Z enables us to extend confluence proofs	


• Compositional Z [N&Fujita 2015]  
(in the latter part of this talk)

M �� N

����
M� �� �� N�



• →: reduction on A induces a reduction on A/≃	


!

• [Accattoli&Kesner2012] 
→≃ is confluent if  
there exists (·)* well-defined on A/≃ such that

Z property modulo

M �� N
�
����

M�
�
�� �� N�

M �� N i� M � · � · � N



• →: reduction on A induces a reduction on A/≃	


!

• [Accattoli&Kesner2012] 
→≃ is confluent if  
there exists (·)* well-defined on A/≃ such that

Z property modulo

M �� N
�
����

M�
�
�� �� N�

M �� N i� M � · � · � N

weaker variant of Z



• →: reduction on A induces a reduction on A/≃	


!

• [Accattoli&Kesner2012] 
→≃ is confluent if  
there exists (·)* well-defined on A/≃ such that

Z property modulo

M � M� �� N�

�
����

� N

M� = M��
�
�� �� N�� = N�

M �� N i� M � · � · � N

weaker variant of Z



Is Z universal?
• Question:	


!

• Two extreme (and trivial) answers:	


• YES, if weakly normalizable	


• take M
*
 as the normal form of M	


• NO, in general	


• there is some counterexamples

For any confluent system,	

is there a mapping satisfying Z?



Confluent, but not Z

If 0*=n,	

since 0 → n+1,	

n+1 →* n is required by the Z property	

!
Therefore, there is no mapping satisfying Z

0

�� ���
��

��
��

�

�����
����

����
����

����
���

������
�����

�����
�����

�����
�����

1 �� 2 �� · · · �� n �� · · ·



If 0*=n (≧1),	

since -(n+1) → 0,	

(-(n+1))* →* n is required	

but (-(n+1))* ≧ n+1 since -(n+1) → n+1	

!
Therefore, there is no mapping satisfying Z

Confluent, finitely branching,	

but not Z

0

���
��

��
��

�

�1

����������
�� 1

��
�2

��

����������������
�� 2

��
...

��

��
���������������������

...



λ-Calculi and Z



Confluence of λ by Z
• Dehornoy and van Oostrom (2008) λβ, λβη	


• Accattoli & Kesner (2012) λ divided by associativity	


• Z property modulo	


• Komori, Matsuda, & Yamakawa (2013) λβ, λβη	


• N & Nagai (2014) Λμ	


• N & Fujita (2015) λβπ, λμβπ	


• Compositional Z

π = permutative conversion



Confluence of λβ by Z
• The maximum parallel reduction is Z

x� = x

(�x.M)� = �x.M�

((�x.M)N)� = M�[x := N�]

(MN)� = M�N� (M is not abst.)

M �� M�

M�[x := N�] �� (M[x := N])�
(i)

(ii)

• Key lemmas



(�x.M)N ��
�

��

M[x := N]
(i)

����

�

��
M�[x := N�]

(ii)
�� �� (M[x := N])�

Confluence of λβ by Z
• Proof of the base case

M �� M�

M�[x := N�] �� (M[x := N])�
(i)

(ii)

• Key lemmas



Permutative conversion

• for natural deduction with ∨ and ∃ [Prawitz 1965]	


• exchanges order of elimination rules	


• for normal proofs to have good properties 
such as the subformula property	


• makes confluence proofs much harder 
[Ando 2003]



Exchanging E-Rules

π

.... P
� � A1 � A2

.... Q1

�, A1 � B � C

.... Q2

�, A2 � B � C
� � B � C

(E�)

.... R
� � B

� � C
(E�)

.... P
� � A1 � A2

.... Q1

�, A1 � B � C

.... R
� � B

�, A1 � C
(E�)

.... Q2

�, A2 � B � C

.... R
� � B

�, A1 � C
(E�)

� � C
(E�)



Exchanging E-Rules

π

.... P
� � A1 � A2

.... Q1

�, A1 � B � C

.... Q2

�, A2 � B � C
� � B � C

(E�)

.... R
� � B

� � C
(E�)

.... P
� � A1 � A2

.... Q1

�, A1 � B � C

.... R
� � B

�, A1 � C
(E�)

.... Q2

�, A2 � B � C

.... R
� � B

�, A1 � C
(E�)

� � C
(E�)

P[x1.Q1R, x2.Q2R]

π

(case P with x1→Q1 | x2→Q2)R	

!

P[x1.Q1,x2.Q2]R

=



• Terms and eliminators	


!

• Reduction rules

λβπ

permutative conversion
left associative	


(M[x1.N1,x2.N2])e

M, N ::= x | �x.M | �1M | �2M | Me

e ::= M | [x1.N1, x2.N2]

(�x.M)N �� M[x := N]

(�iM)[x1.N1, x2.N2] �� Ni[xi := M]

M[x1.N1, x2.N2]e �� M[x1.N1e, x2.N2e]

uniform representation	

of elimination for → and ∨



λβπ, for simplicity

M, N ::= x | �x.M | �M | Me

e ::= M | [x.N]

(�x.M)N �� M[x := N]

(�M)[x.N] �� N[x := M]

M[x.N]e �� M[x.Ne]

• Terms and eliminators	


!

• Reduction rules



Where are difficulties?

• Parallel reduction for π-reduction	


• Maximum complete development for 
the combination of β- and π-reductions



Parallel reduction for π?
x[y.y][z.z][w.w]

�

�����
���

���
���

�
�

����
���

���
���

��

x[y.y[z.z]][w.w]

�

��

x[y.y][z.z[w.w]]

�

��

x[y.y[z.z][w.w]]

�
��

x[y.y[z.z[w.w]]]

these steps must be 
considered as	


one-step parallel red.

least join point



Generalizing parallel reduction
• As one-step parallel reduction,  

we have to admit all of the following	


!

!

!

• [Ando 2003] defines the parallel reduction  
by means of the notion of segment trees	


• We can avoid it by Z theorem

x[y.y][z.z][w.w]

�� ���
���

���
���

���
���

���
���

�� ���
���

���
���

��

���
���

���
���

x[y.y[z.z]][w.w] x[y.y][z.z[w.w]] x[y.y[z.z[w.w]]]



Z for π?
x[y.y][z.z][w.w]

�

�����
���

���
���

�
�

����
���

���
���

��

x[y.y[z.z]][w.w]

�

��

x[y.y][z.z[w.w]]

�

��

x[y.y[z.z][w.w]]

�
��

x[y.y[z.z[w.w]]] least join point

we have to do π	

completely

M �� N

����
M� �� �� N�



Complete permutation

(M[x.N])@e = M[x.N@e]

M@e = Me (otherwise)

Example
x[y.y[z.z[w.w]]]@v = x[y.y[z.z[w.wv]]]



• A naïve definition

Z for βπ?

x� = x

(�x.M)� = �x.M�

(�M)� = �M�

((�x.M)N)� = M�[x := N�]

((�M)[x.N])� = N�[x := M�]

(Me)� = M�@e� (otherwise)



• A naïve definition

Z for βπ?

x� = x

(�x.M)� = �x.M�

(�M)� = �M�

((�x.M)N)� = M�[x := N�]

((�M)[x.N])� = N�[x := M�]

(Me)� = M�@e� (otherwise)

is not Z



Z for βπ?

x� = x

(�x.M)� = �x.M�

(�M)� = �M�

((�x.M)N)� = M�[x := N�]

((�M)[x.N])� = N�[x := M�]

(Me)� = M�@e� (otherwise)• Monotonicity fails

(�(x[y.y]))[z.z]w �� (�(x[y.y]))[z.zw]
((�(x[y.y]))[z.z]w)�

= ((�(x[y.y]))[z.z])�@w

= (x[y.y])@w

= x[y.yw]

((�(x[y.y]))[z.zw])�

= (zw)�[z := x[y.y]]

= x[y.y]w

permutation is done	

for the result of β

• [Ando 2003] avoids it by the notion of residuals



Z for βπ?

• Define a mapping as a composition of	


• MP = complete permutation	


• MB = complete development for (only) β	


• We want to adapt Z theorem  
to the compositional function MPB



Compositional Z



Z and weak Z
M �� N

����
M� �� �� N�

(·)* is Z for → iff

(·)* is weakly Z for → by →x iff

M �� N
x

����
M�

x
�� �� N�



Theorem [N&Fujita2015]
• Let → = →1 ∪ →2                     

If mappings (·)1 and (·)2 satisfying following,

• (·)1 is Z for →1	


• if M →1 N, then M2 →* N2	


• M1 →* M12 holds for any M	


• (·)12 is weakly Z for →2 by →
then the composition (·)12 is Z for →

Compositional Z



weak Z for 2Z for 1

Compositional Z

M
1 �� N

1

����

M
2 �� N

����

M1 1 �� ��

����

N1

M12 �� �� N12 M12 �� �� N12



Compositional Z
If M →1 N implies M1 = N1

M
1 �� N

1

����

M
2 �� N

����

M1

����

N1

M12 N12 M12 �� �� N12



Corollary [N&Fujita2015]
• If the following hold,

• if M →1 N, then M1 = N1	


• M →* M1 holds for any M	


• M1 →* M12 holds for any M	


• (·)12 is weakly Z for →2 by →

then the composition (·)12 satisfies Z for →



Confluence of βπ 
by compositional Z

xP = x

(�x.M)P = �x.MP

(�M)P = �MP

(Me)P = MP@eP

xB = x

(�x.M)B = �x.MB

(�M)B = �MB

((�x.M)N)B = MB[x := NB]

((�M)[x.N])B = NB[x := MB]

(Me)B = MBeB (otherwise)

The mappings (·)P and (·)B satisfies the conditions	

of the compositional Z for →π and →β



Extension to λμ
• λμ-calculus [Parigot 1992]	


• corresponds to classical natural deduction	


• λ-calculus extended with control operators	


• [Ando 2003] proved confluence of λμ 
with permutative conversion	


• compositional Z gives simpler proof



λμβπ
• Terms and eliminators	


!

• Reduction rules

M, N ::= x | �x.M | �M | Me | µ�.M | [�]M

e ::= M | [x.N]

(�x.M)N �� M[x := N]

(�M)[x.N] �� N[x := M]

M[x.N]e �� M[x.Ne]

(µ�.M)e �µ µ�.M[[�]� := [�]�e]



λμ and classical logic

� | �, � : ¬A � M : �
� | � � µ�.M : A

� | �, � : ¬A � M : A

� | �, � : ¬A � [�]M : �

double negation elimination



μ-reduction

....
P : A � B

....
N : A

PN : B
[�]PN : �

....
M[[�]� := [�]�e] : �

µ�.M[[�]� := [�]�e] : B

....
P : A � B
[�]P : �

....
M : �

µ�.M : A � B

....
N : A

(µ�.M)N : B

μ

(µ�.M)e �µ µ�.M[[�]� := [�]�e]

(µ�. · · · [�]P · · · )e �µ µ�. · · · [�]Pe · · ·

just a variant of	

permutation



λμ and control operators
(µ�. · · · [�]P · · · )e �µ µ�. · · · [�]Pe · · ·

(µ�. · · · [�]P · · · )N1 · · · Nn ��
µ µ�. · · · [�](PN1 · · · Nn) · · ·



λμ and control operators
(µ�. · · · [�]P · · · )e �µ µ�. · · · [�]Pe · · ·E = [ ]N1…Nn	


(call-by-name) evaluation context	

= continuation

(µ�. · · · [�]P · · · )N1 · · · Nn ��
µ µ�. · · · [�](PN1 · · · Nn) · · ·

E[µ�. · · · [�]P · · · ] ��
µ µ�. · · · [�]E[P] · · ·

μ captures continuations	

(cf. call/cc)



(µ�.[�]x)[y.y][z.z]
µ

�����
���

���
���

��
�

����
���

���
���

���

(µ�.[�]x[y.y])[z.z]

µ

��

(µ�.[�]x)[y.y[z.z]]

µ

��

(µ�.[�]x[y.y][z.z])

�
��

µ�.[�]x[y.y[z.z]]

Z for π and μ?

least join point

M �� N

����
M� �� �� N�

we have to do π	

and μ completely



Complete permutation

Example

the definition is	

a little complicated

(M[x.N])@e = M[x.N@e]

(µ�.M)@e = µ�.M[[�]� := [�]�@e]

M@e = Me (otherwise)

(µ�.x[�]y[z.z])@v = µ�.x[�](y[z.z])@v

= µ�.x[�]y[z.zv]



Confluence of βπμ 
by compositional Z
xP = x

(�x.M)P = �x.MP

(�M)P = �MP

(µ�.M)P = µ�.MP

([�]M)P = [�]MP

(Me)P = MP@eP

xB = x

(�x.M)B = �x.MB

(�M)B = �MB

(µ�.M)B = µ�.MB

([�]M)B = [�]MB

((�x.M)N)B = MB[x := NB]

((�M)[x.N])B = NB[x := MB]

(Me)B = MBeB (otherwise)

The mappings (·)P and (·)B satisfies the conditions	

of the compositional Z for →πμ and →β



Applications of compositional Z
λ with permutative conversion π and β

λμ with permutative conversion πμ and β

extensional λ η and β

λ with explicit subst. x and β
subst. propagation

Compositional Z enables us to prove confluence 
by dividing reduction system into two parts



Conclusion



Summary

• Dehornoy and van Oostrom’s Z theorem is  
useful for λ-calculi	


• Confluence of λ with permutative conversions 
becomes much simpler with compositional Z	


• Compositional Z suggests (quasi-)modular proofs 
of confluence



“Simpler” proofs?
• Easier to check?	


• Easier to apply other calculi?	


• Shorter formal proof? …depending on logical system	


• Easier to formalize? …I believe so, but we should check it

“I feel that the new proofs (…) are  
more beautiful than those we started with,  
and this is my actual motivation.”

— [Pollack 1995]



A Classical Japanese Poem	

composed by Sutoku-In (崇徳院) in 12th cent.

瀬を早み 岩にせかるる滝川の 
われても末に 逢はむとぞ思ふ 
 

(direct translation)  
A stream of the river separates into two streams 
after hitting the rock,  
but it will become one stream again  
 
(that is,)  
although if I love someone but we cannot be together in this life,  
I can be together with her in the next life

Japanese-English Bilingual Corpus of Wikipedia's Kyoto Articles 
(National Institute of Information and Communications Technology)

confluence makes	

us happy!

http://www.tamagawa.ac.jp/library/img/h1_077.jpg


